A method is proposed for using relativistic dispersion relations, together with unitarity, to determine the pion-nucleon scattering amplitude. The usual dispersion relations by themselves are not sufhcient, and we have to assume a representation which exhibits the analytic properties of the scattering amplitude as a function of the energy and the momentum transfer. Unitarity conditions for the two reactions m+5' -+ 2r+lV' and S+N~2m will be required, and they will be approximated by neglecting states with more than two particles. The method makes use of an iteration procedure analogous to that used by Chew and Low for the corresponding problem in the static theory. One has to introduce two coupling constants; the pion-pion coupling constant can be found by fitting the sum of the threshold scattering lengths with experiment. It is hoped that this method avoids some of the formal difficulties of the Tamm-Dancoff and Bethe-Salpeter methods and, in particular, the existence of ghost states. The assumptions introduced are justified in perturbation theory.
It is the object of this paper to find a relativistic analog of the Chew-Low-Salzman method, which could be used to calculate the pion-nucleon scattering amplitude in terms of two coupling constants only. As in the static theory, the unitarity equation will involve the transition amplitude for the production of an arbitrary number of mesons, and, in this. case, of nucleon pairs as well. In order to make the equations manageable, it is necessary to neglect all but a finite number of processes; as a first approximation, the "one-meson" approximation, we shall neglect all processes except elastic scattering.
The equations obtained from the dispersion relations and the one-meson approximation differ from the static Chew-Low equations in two important respects. Whereas, in the static theory, there was only P-wave scattering, we now have an infinite number of angular momentum states, and the crossing relation, if expressed in terms of angular momentum states, would not converge. Further, in the relativistic theory, the dispersion relations involve the scattering amplitude in the "unphysical" region, i.e. , through angles whose cosine is less than -1. For these reasons, the method of procedure will be more involved than in the static theory. We shall require, not only the analytic properties of the scattering amplitude as a function of energy for fixed momentum transfer, which are expressed by the dispersion relations, but its analytic properties as a function of both variables. The required analytic properties have not yet been proved to be consequences of microscopic causality. In order to carry out the proof, ' G. F. Chew Rev. 108, 1619 Rev. 108, (1957 . one would almost certainly have to consider simultaneously several G-reen's functions together with the equations connecting them which follow from unitarity. It is unlikely that such a program will be carried through in the immediate future. However, if the solution obtained by the use of these analytic properties were to be expanded in a perturbation series, we would obtain precisely those terms of the usual perturbation series included in the one-meson approximation. The assumed analytic properties are, therefore, probably correct, at any rate in the one-meson approximation.
As we have to resort to perturbation theory in order to justify our assumptions, we do not yet have a theory in which the general principles of quantum theory are supplemented only by the assumption of microscopic causality. Nevertheless, the approximation scheme used has several advantages over the approximations previously applied to this problem, such as the TammDancoG or Bethe-Salpeter approximations. It refers throughout only to renormalized masses and coupling constants. The Tamm-Danco8 equations, by contrast, are unrenormalizable in higher approximations and the Bethe-Salpeter equations, while they are covariant and therefore renormalizable in all approximations, present difficulties of principle when one attempts to solve them. Further, we may hope that the one-meson approximation is more accurate than the Tamm-DancoG approximations. The latter assumes that those components of the state vector containing more than a certain number of bare mesons are negligibly small -an approximation that is known to be completely false for the experimental value of the coupling constant. The one-meson approximation, on the other hand, assumes that the cross section for the production of one or more real mesons is small except at high energies. While this approximation is certainly not quantitatively correct, it is nevertheless probably a good deal more accurate than the Tamm-Dancoff approximation. Finally, the one-meson approximation, unlike the Tamm-Dancoff or Bethe-Salpeter approximations, possesses crossing symmetry. Now it is very probable that the "ghost states" which have been plaguing previous solutions of the field equations are due to the neglect of crossing symmetry. As evidence of this, we may cite the case of charged scalar theory without recoil, for which the one-meson approximation has been solved completely. "
The solution obtained with neglect of the crossing term possesses the usual ghost state if the source radius is su%.ciently small. The Lee model, ' which has no crossing symmetry, shows a similar behavior. If the crossing term in the charged scalar model is included, however, there is no ghost state.
It has been pointed out by Castillejo In Sec. 2 we shall discuss the analytic properties of the scattering amplitude, and, in Sec. 3, we shall show how these properties can be used together with the unitarity condition to solve the problem. We shall in this section ignore the "subtraction terms" in the dispersion relations. As in the corresponding static problem, we have to use an iteration procedure in which the crossing term is taken from the result of the previous iteration. The details of this solution will be entirely diGerent from the static problem, the reason being that the part of the amplitude corresponding to the lowest angular momentum states, which is a polynomial in the momentum transfer, actually appears as a subtraction term in the dispersion relation with respect to this variable and has thus not yet been taken into account. In this and the next section we shall also be able to specify details of the analytic representation that were left undetermined in Sec. 2, in particular, we shall be able to give precise limits to the values of the momentum transfer within which the partial-wave expansion converges. In Sec. 4 we shall investigate the subtraction terms in the dispersion relations. We shall find that, in order to determine them, we shall require the unitarity condition for the lowest angular momentum states, not only in pion-nucleon scattering, but also in the pairannihilation reaction %+X~2 a. , which is represented by the same Green's function. Such an approximation has already been made in calculating the subtraction terms. The unitarity condition for pion-nucleon scattering is no longer satis6ed except for the low angular momentum states. However, the terms neglected are of the order of magnitude of, and probably less than, terms already neglected. The two reactions of pion-nucleon scattering and pair annihilation are now treated on an equivalent footing.
It will be found that the unitarity condition, in the one-meson approximation, cannot be satisfied at all energies if crossing symmetry and the analytic properties are to be maintained. The reason is that the unitarity condition for the scattering reaction is not completely independent of the unitarity condition for the "crossed" reaction with the two pions interchanged, 
where a(x') is a nucleon current operator. From this expression, we can obtain dispersion relations in which the momentum transfer between the incoming nucleon and the outgoing pion, rather than between the two nucleons, is kept constant -the proof is exactly the same as the usual heuristic proof of the ordinary dispersion relations. ' Let us now try to obtain the analytic properties of A considered as a function of two complex variables. The simplest assumption we could make is that it is analytic in the entire space of the two variables except for cuts along certain hyperplanes. We can then determine the location of the cuts from the requirement that A must satisfy the dispersion relations (2.5), (2.9), and (2.11); there will be a cut when s is real and greater than (M+)a)', a cut when s, is real and greater than (M+p), and a cut when t is real and greater than 4@2. The discontinuities across these cuts will be, respectively, 2A~, 2A2, and 2A3. In addition, A will have poles when s=M2 and when s. =%2. By a double application of Cauchy's theorem, it can be shown that a function with cuts and poles in these positions can be represented in the form
This is a generalization of a representation first suggested by Nambu. " While we have for convenience used the three variables s, s. , and t, which are the energies of the three processes, they are connected by the relation s+s,+t = 2 (M'+ p') (2.13) so that A is really a function of two variables only. A~3 , A 23 and A~2 , which will be referred to as the "spectral functions, " are nonzero in the regions indicated at the top right, top left and bottom of I'ig. 1.
The precise boundaries C~3, C23, and CI2 of the regions will be determined by unitarity in the following sections; from the reasoning given up till now, all that can be said is that the regions must lie within the respective triangles as indicated, and that the boundary must approach the sides of the triangles asymptotically (or it could touch them at some finite point). The spectral functions are always zero in the physical region.
As in the case of ordinary dispersion relations, the representation (2.12) will not be true as it stands, but will require subtractions. The subtractions will modify one or both of the energy denominators in the usual way and, in addition, they mill require the addition of extra terms. These terms will not now be constants, 
Ai will be nonzero for s) (M+p)s, as it should, as long as the curves C~3 and C~~approach the line AB at some point and do not cross it.
The dispersion relations (2.9) and (2.11) can be proved from (2.12) in a similar way; the absorptive part A3 will then satisfy a dispersion relation in v with s constant: Fig. 2 to give the curve C2. As this curve approaches the line t=16M' asymptotically, there will be a corresponding new contribution to A3 above this value, and, near it, the new contribution will behave like (t 16M2)-'. The v-alue t = 16M' is just the threshold for the production of an additional nucleon pair in the process III, and A3 would be expected to show such a behavior at this threshold.
We find similar discontinuities in the higher derivatives of Ai3 at series of curves (there will now be more than one for each threshold) approaching asymptotically the lines t=4e'M', so that A3 will have the expected behavior at the thresholds for producing e nucleon pairs.
The functions A» and A2 will exhibit the same sort of characteristics. In Eq. (3.9b), the lowest values of t2 and s,3 which contribute to the integrand are t2=4M', s,3 --M', so that the boundary of the region in which A» is nonzero is obtained by inserting these values into (3.12c). The result is represented by the curve C3 in Fig. 2 ; it approaches the line s, =9M' as s tends to in6nity. As with A», the region in which A» is nonzero will be widened in the following section. From (3.19a), it follows that A~will (at present) be nonzero for s,)9M, which is the threshold for pair production in the reaction II. A» will also have discontinuities in the higher derivatives at series of curves such as C4 which approach asymptotically the lines s, = (2m+ 1)'M'.
Finally, it can be seen that the second term of (3.9a) will give rise to further curves at which the higher derivatives of A» are discontinuous, but these curves will all approach asymptotically the lines t=4e'M'.
We must now return to the second term in the Eq. The reason why this is so is easily seen in perturbation theory. Among the graphs included in the first iteration of the one-meson approximation is Fig. 3(a) . The topologically similar graph Fig. 3 (b) will also be included, since Fig. 3(a) (Fig. 2) Fig. 3(b) to Fig. 3(a) ; as Ai for Fig. 3(c) which we would expect from (2.17), if our representation is correct. By inserting this into (2.5) and adding the result to the second term of (3.20), we obtain is nonzero for s)9M', A2 for Fig. 3 (b) will be nonzero for s,&9M'.
Finally, then, the nth-order perturbation term can be determined from the lower order perturbation terms without using any unproved properties of the scattering amplitude as follows:
(i) Calculate Ai by unitarity, and extend it into the nonphysical region for momentum transfers less than 2&i/3 (2M+&i)/(2M -&i) jl by analytic continuation.
(ii) Calculate a contribution A2q& +Lb '"'(~,s')+b3'"'(~, s') 3& +:(s')), ( Fig. 4(a) . If Fig. 1 . Since A3 is now nonzero for t') 4p'-, C» in the one-meson approximation is obtained by putting~2= t3=4@' in (3.12a), so that ti, = 4@(1+@'/q')-,
(4.12)
The equation s, =s, » represents in fact the boundary of the region in which A~~' is nonzero. We observe that, once the pion-pion interaction has been included, this region approaches asymptotically the line $= (M+2y)' rather than the line s= 9M'. The reason is that processes represented by graphs such as Fig. 4(b) are now included in our approximation, so that the crossing term will include the contribution from Fig. 4(c it would be necessary to do the calculation in this way. On making the continuation to the mass shell, it would be found that the absorptive part A3 extended below the limit t'=4@'. It has been shown by several workers" that, if an inequality such as (4.14) is satisfied, the vertex function would show similar spectral properties.
The simplest graph to exhibit them in our case would be Fig. 4(d However, the cutoff is only applied above the threshold for processes neglected in the unitarity condition, and in particular, above the threshold for pair production in the reaction I.
This approximation could be regarded as the erst of a series of approximations in which more and more of the contributions to the spectral functions are included, until we ultimately reach a solution in which the unitarity condition in the one-meson approximation is satisfied for every angular momentum state. In the higher approximations the spectral functions are no longer determined by perturbation theory, but, once the contribution from the crossing term enters, they will 
